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Abstract 

This paper is devoted to the construction and analysis of the Wigner func¬ 
tions for noncommutative quantum mechanics, their marginal distributions and star- 
products, following a technique developed earlier, viz, using the unitary irreducible 
representations of the group G N c, which is the three fold central extension of the 
abelian group of R * 4 . These representations have been exhaustively studied in ear¬ 
lier papers. The group Gnc is identified with the kinematical symmetry group of 
noncommutative quantum mechanics of a system with two degrees of freedom. The 
Wigner functions studied here reflect different levels of non-commutativity - both 
the operators of position and those of momentum not commuting, the position oper¬ 
ators not commuting and finally, the case of standard quantum mechanics, obeying 
the canonical commutation relations only. 


I Introduction 

This paper deals with the problem of the definition and construction of Wigner func¬ 
tions for a model of noncommutative quantum mechanics (NCQM) with two degrees of 
freedom. In earlier papers mm we have used a group theoretical analysis to obtain 
the structure of such a quantum system. In the first instance, we used the unitary irre¬ 
ducible representations of a doubly centrally extended version of the Galilei group, in two 
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space and one time dimensions, to obtain the commutation relations of NCQM, where 
in addition to the usual canonical commutation relations between position and momen¬ 
tum, the two position operators are also noncommutating. The operators of position, 
momentum, angular momentum and the free Hamiltonian appear as generators of these 
representations. The group related coherent states, arising from these representations, 
and labeled by the points of the phase space of the system, were then used to carry 
out a coherent state quantization of the phase space variables, q and p, which also led 
to the correct commutation relations of noncommutative quantum mechanics. All this 
is in complete analogy with the well-known fact that the representations of the singly 
extended Galilei group are the ones defining standard quantum mechanics. A further 
extension of these results for this model of noncommutative quantum mechanics, where 
the two operators of momentum are also noncommuting, was obtained by looking at a 
triple central extension of M 4 . Consequently, this particular group was identified as the 
kinematical group of noncommutative quantum mechanics, in the same way as the Weyl- 
Heisenberg group underlies standard quantum mechanics. The Wigner function [15] is 
a well-known quantum mechanical (pseudo-) distribution function, used extensively in 
molecular and quantum optical computations, as well as in various theoretical contexts. 
A group theoretical construction of the Wigner function was detailed in mmm, where 
the standard Wigner distribution was obtained as a function on a coadjoint orbit of the 
Weyl-Heisenberg group. (As is well known, these are the orbits under the natural, i.e., 
coadjoint action of the group on the dual of its Lie algebra.) The method allowed for 
an extension to a large class of other groups, in particular nilpotent groups and groups 
which admit square integrable representations. In all these cases the Wigner function is 
defined on coadjoint orbits of the group (admitting natural symplectic structures). The 
thrust of this paper is to define Wigner distributions within the above framework, using 
the unitary irreducible representations of the triply extended group of M 4 . These are 
then taken to be the natural Wigner functions associated to noncommutative quantum 
mechanics. 

Considering the triply centrally extended group of Mr, denoted by G NC , as the defin¬ 
ing group of noncommutative quantum mechanics (NCQM), we know from [7], that its 
coadjoint orbits are of three different types, having dimensions dimensions 4, 2 and 0, 
respectively, all foliated inside the dual, g^ c , of the Lie algebra of G NC . The geometry 
of these orbits has been discussed in detail in [7]. The dual of G NC (i.e., the set of all 
equivalence classes of its unitary irreducible representations), henceforth denoted by G* Nc , 
is characterized by 3 real parameters p, a and r. The elements of the dual, which will 
be denoted by U% tT , are in in 1-1 correspondence with the underlying coadjoint orbits of 
G nc . For nonzero values of p, a and r, the corresponding coadjoint orbits are either 4- 
dimensional or 2-dimensional, depending on whether the value of p 2 a 2 — 7 /3ar is nonzero 
or 0, respectively (ct, f3 and 7 being dimensional constants, whose roles will become clear 
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later). We shall primarily focus on the 4-dimensional coadjoint orbits O p f a ' T of G NC with 
nonzero values of p, a and t satisfying p 2 a 2 — 7/3ctt 7 ^ 0 and compute the Wigner func¬ 
tions associated with them, using techniques involving the Plancherel inversion formula, 
as described in [3]. The Wigner function, thus obtained from the defining group G NC of 
NCQM, will be called the noncommutative Wigner function and be abbreviated as NC 
Wigner function in the sequel. As shown in [7], the unitary irreducible representations of 
a 2-dimensional model of NCQM, in which the two position operators are noncommut¬ 
ing, but the two momentum operators commute, correspond to a family of 4-dimensional 
coadjoint orbits, 0^’ a, ° , for nonzero values of p and a. We will also compute the Wigner 
function associated to these coadjoint orbits of G NC . There is another 1-parameter fam¬ 
ily of 4-dimensional coadjoint orbits, Of 0 ' 0 (nonzero values of p only), which yield the 
unitary irreducible representations giving standard nonrelativistic quantum mechanics. 
We shall compute the Wigner functions corresponding to these coadjoint orbits as well 
and compare our result with the original quantum mechanical Wigner function. 

Following the computations of the Wigner functions associated with NCQM, we ob¬ 
tain the relevant marginal distributions by integrating out the position and momentum 
coordinates. When one carries out the integration in noncommuting position and mo¬ 
mentum coordinates (see (12.171) below towards the end of Section 111.21) . one essentially 
ends up with the classical marginal probability distributions in the same noncommuting 
coordinates. But when the integration is carried out with respect to the commuting co¬ 
ordinates, i.e. the coadjoint orbit coordinates, one obtains marginal distributions which 
can be expressed suitably defined ^-products that are similar to those obtained by Bastos 
and co-workers in (jUS]). 

Before ending this section we recall that the standard quantum mechanical cross- 
Wigner function m for a rank one operator X = |</>)(-0|, with (f,if £. L 2 (M”, dx) has the 
form 


W qm (X | q, p; h) = -L J J (q - |) exp 


27 rix • p 


h 


ft (q + 7T) 


q, p,x e 


(l.i) 

This has the well-known properties of marginality, reality (when <f = if), etc. Moreover, 
(q, p) may be considered as labeling the points of an appropriate coadjoint orbit of the 
Weyl-Heisenberg group. The Wigner functions that we shall compute later in this paper 
will all have this same general form. 

The rest of this paper is organized as follows. In Section [XT] we define the group 
G NC and write down its unitary irreducible representations that we use to construct 
Wigner functions. We then outline the method used to compute Wigner functions using 
these representations and work out a general expression for a Wigner function on a first 
set of orbits, with none of the three parameters p, a, r equal to zero. In Section ( Hill) 
we construct Wigner functions for the cases where first r = 0 and then where both a 
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and r equal zero. In Section IIVI we compute the marginal distributions for the various 
Wigner functions and star-products of Wigner functions and compare them to similar 
results appearing in the literature. We conclude in Section [V] with some comments about 
the generality of our method and point to some possible future work. Some details of 
computations are collected in the Appendix. 

II NC Wigner function from the Landau gauge representa¬ 
tion corresponding to the coadjoint orbits O P 4 ’ <J,T of G NC 

Let us first look at the group G NC and its unitary irreducible representations in some 
detail. 

II. 1 The group G NC and its unitary irreducible representations 

The group G NC is a seven parameter, real, nilpotent group. We shall write a general 
element of the group as 

g = (0,0,^,q,p), M,^eR, q = (91,92) e ^ 2 , p = (pi,p 2 ) e m 2 , (2.1) 

with the group multiplication given by 

= (0 + 0'+ ^[(q- p') - (p • q')], </> + </>' + ^[p Ap'],^ +ij/ + ^[q Aq'], 

q + q'.p + p')- ( 2 - 2 ) 

where, for two 2-vectors, a = ( 01 , 02 ), b = ( 61 , 62 ), a • b = 0161 + 0262 and a A b = 
a\b 2 — < 2261 . The quantities a, f3 and 7 are dimensional constants. The three parameters 
8, </>, if) constitute the centre of the group, while the q and p, are the parameters of M 4 , 
the three-fold central extension of which leads to G NC - Denoting the centre by Z, we see 
that G^c/Z ~ R 4 . 

We next write down the unitary irreducible representations, U^.t of G NC , associated to 
the 4-dimensional coadjoint orbits 0^’ a ’ T , with all three parameters p, a, r non-vanishing 
and p 2 a 2 — 7 f3ar 7 ^ 0 (see equation (3.4) of pi]). These are carried by Hilbert spaces 
which are all copies of L 2 (R 2 ,dri ds2), and have the form, 

(U£ jT ( 9 , & V*, 91 ) Q2,Pi,P2)f)(ri, s 2 ) 

_ ( ,ip(d+aq 2 s 2 +ap 1 n +f qipi —§ q2P2) e i<?(<l>+Ppis 2 - §pip2) 

xeir^wn+i®.®)^ + _ p2 ) > f € L 2 (R 2 )rfri d s 2 ). (2.3) 
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Note that in (12.31) . r\ has the dimension of distance and s 2 has that of momentum. Taking 
the Fourier transform of (12.31) in the first coordinate r\ yields 


{U^ T (9,<p,' t l J ,Qi,Q2,Pi,P2)f)(si,s 2 ) 

_ e ~ip(0+oiqis 1 +aq2S2-§qipi-§q2P2) e -icr{4>+/3piS2-§pip2) 

xe -*&-l<nv)f( 8l - P1 - -I q2 ,s 2 -P2), ( 2 . 4 ) 

pa 

where now / £ L 2 (R 2 ,dsids 2 )- For each triple of non-zero real numbers (p, a, r), let 
Sja,r denote a copy of L 2 (R 2 ,ds\ds 2 )- We shall compute Wigner functions for this set of 
representations, so that following the general construction outlined in EM, they will 
appear as phase space functions (i.e., functions on the corresponding coadjoint orbits of 
G nc ), associated to Hilbert-Schmidt operators on S)a, T - 

The dual G NC of G NC is naturally equipped with a measure, dvQ NC , known as the 
Plancherel measure. The elements of G NC are, i n the present case, in one-to-one corre¬ 
spondence with the coadjoint orbits m in g* c , so that due NC can be thought of as a 
measure carried by the set of these orbits. From our earlier discussion, it is seen that this 
measure decomposes into several disjoint parts, corresponding to the cases where none of 
the parameters p, a, r are zero and where one or more of these are zero. For the purposes 
of the present paper, we shall only look at the cases: ( 1 ) none of the three parameters 
is zero, ( 2 ) p 7 ^ 0, cr 7 ^ 0, r = 0 and ( 3 ) p / 0, a = t = 0. In the first case, the set of 
orbits for which p 2 a 2 — 7/3 cjt = 0, will also not concern us here. 

The Plancherel measure is usually computed using a general orthogonality relation, 
which can be stated in different forms, but for our purposes we shall use the form intro¬ 
duced in [ 3 ] (see also Section Pi .21 below): 


L Tr (U^r(g)*A 1 (p,a,T)C p ^ r )du GNC (p,a,T) 
r G nc L^Gnc 

X fdvc Tl '^ i y^* A2 ( p ' ia,, T^Cp\a’, T ')di' G Nc(p , ’ cr 'iT') Ma) = (^ 1 I-4 2 ) b ® (2-5) 


where £>® is the direct integral Hilbert space 


B 


® 
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and B 2 (p,(t 1 t) is the Hilbert space of Hilbert-Schmidt operators on Sja.r, with elements 
H 1 (p, a, r),A 2 (p, a, r). The elements A 1 , A 2 £ B ® consist of the vector fields (p, a, r) i—>• 
A l (p, a, t) and (p,a,r) i —> A 2 (p,a,r), respectively. The group G NC is unimodular and 
dp is the Haar measure on it; C Pt(TtT is the Duflo-Moore operator | T 0 j , for the representation 
Ua,r{g)- It should also be noted that the relation (12.51) holds even if both the integral over 
G nc on the left hand side and the direct integral defining B®, in the equation following, 
are restricted to some subset X C G NC with non-zero Plancherel measure: ^c NC (X) 7 ^ 0. 
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In particular it holds for the set containing only those elements (p, a , r) £ G NC for which 
p 2 a 2 — 7/3 err 0 and none of the three parameters p, a, r is zero. This point will be 
explained further in Section [II.21 

Now restricting to the elements of G NC for which /) / 0, it / 0 r / 0 and p 2 a 2 — 
7/3err 0 and denoting this set by 01 C G NC , we choose in the underlying Hilbert 
space $)a, T — L 2 (R 2 ,dsids 2 ), corresponding to the orbit labeled by (p, a, r) £ 01, two 
measurable fields of non-zero vectors ( p,cr,T ) i —> Xp,<j,t and (p, a, r) i—>■ A Pt a,ri the 
field of rank-one operators A 1 (p,a,r) = |yp )fr r }(Ap )0 - iT | and assume that the Plancherel 
measure has the form dh , G NC (Pi a > T ) = «(p, o', r ) dp da dr, for some density k to be 
determined. Putting these into (12.51) yields 


<^l A 1 )** 


L 

L 

L 


Tr (A 1 (p, a, r)*A 1 (p, a , r))ft(p, a, r)dpdadr 
T r(IV<T,T)(Xp,o-,r|x / 9, < T,r)(Ap, 0 -,r|)K(p, a,r)dpdadr 
HXp^rlPlIAp^rll 2 «(p, a,r)dpdadr. 


( 2 . 6 ) 


Since the group G NC is unimodular, the Duflo-Moore operator C p ^ tT making its ap¬ 
pearance in (12.51) is just a multiple of the identity operator acting on the Hilbert space 
L 2 (M 2 , ds\ds2)- 

We have the following proposition which yields the Plancherel measure and the Duflo- 
Moore operator of G NC restricted to the sector of the unitary irreducible representations 
of G nc associated with the 4-dimensional coadjoint orbits 0 % a,T , ( p,a,r ) £ 01. 


Proposition 1. The Plancherel measure of G NC , restricted to the sector of unitary irre¬ 
ducible representations U^r-, (p, cr, r) £ 01 (see 2.f) is given by 


^ ^ I P 2 ® 2 ~ X/dcrTl 

“ z 'G JV c(/°’ c7 > T ) = -—- dpdadr 


cr 


(2.7) 


and the corresponding Duflo-Moore operator reads 


Cp,a,r = (27t) 2 1, 


( 2 . 8 ) 


where I is the identity operator defined on L 2 (M. 2 ,ds±ds 2 )- 


The proof is given in the Appendix. 


II.2 Construction of the Wigner function 

We quickly recall the construction of the Wigner function as given in mm ■ The starting 
point is the operator Planceherel transform V : L 2 (G NC , dp) —> £>®, which for a function 
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/ £ -L 2 (G nc , dp) P| L 1 (G nc , dp) associates it to an element A £ £>®, given componentwise 
in each £> 2 (p, cr, r) by 

V(A)( P ,<j,t) := A(p,a,r) = [ f{g)U^ T {g)C~^ T dp(g). (2.9) 

-'Gnc 

This map is an isometry in the norm 

Pll|© = [ Tl P0, a, r)* A(p, a, r)] dv GNC , 

2 J Gnc 

i.e., 

Pll|© = ll/llk = / \f( 9 )\ 2 dp(g), 

2 J Gnc 

which is then used to extend it to the whole of L 2 {G NC ,dp). 

The inverse of the map V , which associates an element A € B ® to an / € T 2 (G NC , dp) 
(again, first defined on a suitable dense set and then extended by continuity) is then given 

by 

V-\A){g) := f{g) = f Tr [U£ T (g)*A(p, a, t)C~^ t } dvc NC . (2.10) 

JG nc 

It is the isometry of this map which is expressed by (12.61) . 

The next step in the construction of the Wigner function is to transform the function 
f{g) on the group to one on its Lie algebra 0 NC , using the exponential map, g = e x , X £ 
g NC . An 8 x 8 matrix representation of the algebra g NC is given in | 6 ]. We write F[X) = 
f(e x ), and also note that in the present case, e x = I + X, I being the 8 x 8 identity 
matrix. Thus, under this transformation the invariant measure dp of G NC transforms to 
the Lebesgue measure dX on g NC . We now take the Fourier transform of F to obtain a 
function on g* c , the dual of the Lie algebra: 

FiX*) = ——yr [ F{X)e~d x *X) dX , X* £ g; c , 

(27T) 2 ^0NC 

where {X*]X) denotes the dual pairing between g NC and g* c . It is essentially the re¬ 
striction of F(X*) to a coadjoint orbit, O p,cr,T which gives the Wigner function on that 
orbit. 

In the present case, it is possible to write 

0nc = U 

(p,cr,r) 6R 3 

and furthermore, on the union 

g* 0 := U Or T , ( 2 . 11 ) 

(p,a,r)em 
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of orbits comprising the set 91 (recall that this is the set of all four-dimensional orbits 
O p f' T with none of the parameters p,cr,T vanishing and p 2 a 2 — 7/3ctt 7 ^ 0), we have a 
splitting of the Lebesgue measure dX* of gjj c in the manner 


dX * = W (X* ff)T ) dv GNC (p,a,r) dn Piff , T {x; }fftT ), 


x;,*,r g ° p ’' 


( 2 . 12 ) 


where s p ^^ T is a positive density, dQ PirTjT is the canonical invariant measure on the coad- 
joint orbit O p,r7,T (in this case, just the Lebesgue measure on R 4 ) and dv GNC i s the 
Plancherel measure m- Recall that the complement of the set 0 q has Lebesgue mea¬ 
sure zero. 

The Wigner function, defined on an orbit O p,a ’ T C Tt and corresponding to an element 
A £ £>* is now defined as 


w(a-,x;^ t ) = I s _ifXSpAl F(x ^ r) 


(2ir)i 


[Sp,<TA X p,a,r)] a f p -i{X; trr y,X) 
J Snc 


( 2 vr)I 


I Tr[^ M (e x )A{u,v,fi)C u ^ vll ] dv GNC (u,v, p) 


dX. (2.13) 


Defining the direct integral Hilbert spaces 


Sf = 




L 2 (0£ a ’ T ,dn PtrTjT ) dv G ^ c (p,a,r), 


/•« 

Bfm = 

J<n 


B 2 (p,a,T) dv GNC (p,cr,T), 


we see that the mapping A 1 —y W(A; ■ ) £ !$ is an isometry for all A £ £>®(9T). Next it 
follows from (12.71) that 

a 2 

^ p a T ) 77 77 — 7 , 

F ’ ’ | p z a z — 7pcrr| 

a constant on each orbit, and taking (12.81) into account, we may write 


W(A; X 


a 




(27t) 6 I p 2 a 2 - 7/3ctt| 2 J mc 


0 -i(x;^ T ,x) 


x )A(u,v,p)} dv Gi , c (u,v,fi) 


i<n 


dX. (2.14) 


Since the group G NC is nilpotent, the above Wigner function is decomposable, in the 
sense of mm (see also, Theorem [2] below). This means that if A £ Bf is given by the 
operator field, (p, a, r) 1 —y A(p, a, r) £ B 2 (p, a, r), then for each (p, a, r) £ Tt there exists 
a map W Pj(TjT : B 2 (p,a,r) —y L 2 (0^ ,(T ’ T , d^l Pt(r ^ T ) such that 


W(A\ x;^ r ) = [W P}<T}T A(p, a, T)}(X* aT ) := W(A(p, a, r); X^y, p,a,r ), (2.15) 


and the norm of the function X* 1 —> W(A(p,a,r); X* ] p,a,r) in the Hilbert 
space L 2 (0± rT,T , dfl p ^ T ) equals that of the norm of A(p,a,r) in B 2 (p,a,r). Thus the 










Wigner function for the orbit 0^ a ' T only picks up contributions from the component 
of A, which lies in the Hilbert space B 2 (p,ct,t) associated to that orbit, i.e., it is 
effectively the Wigner function for the operator A(p,a,r ) in ^(p, cr, r). The func¬ 
tion X* aT i —> W(A(p, a, r); X* aT \ p, er, r) is thus called the Wigner function for 
A(p,a,r) £ £> 2 (p, <7, r), corresponding to the representation Ua,T and it is defined en¬ 
tirely as a function on the coadjoint orbit 0^’ a,T . 

Let us now write p = Ay, a = &)2 and t = satisfying k\a 2 — A^A^y/? 7 ^ 0. Denote 
a generic point in the orbit Q^i,k 2 ,k 3 (A;*, k* 2 , -k((), so that the invariant measure on 

this 4-dimensional coadjoint orbit reads as dk * dk 2 dk 3 dk±. We thus have the result 

Theorem 2. Given the Hilbert-Schmidt operator 


Ixfci,fc 2 ,fc 3 )(^fci,fe 2 ,fc 3 1 £ £> 2 (Ah, & 2 , A: 3 ) = H 2 (L 2 (M 2 , ds\ds2)), 

with L 2 (1R 2 , d.sids 2 ) f/ie representation space for the UIR of G NC given by 

its Wigner function (see &2.150 ) on the 4-dimensional coadjoint orbit , equipped 

with the Lebesgue measure dkf dk 2 dk% dk\, reads 


W(\x kl ,k 2 ,k 3 ) k 2 ,k 3 1 i k*,k 2 ,k^, k \; ki,k 2 ,ks 

“I _ f e la [ ^-k\ k3 M )Pl+ lak 2P2 

I 2 J R 


27r|A: 2 a 2 — A^A^/dyl 2 Js. 2 


x A 


ki,k2,k 3 


k\k\a 2 — A^A^crA 


2 Pl + ki ’ 2 P2 + k\a 2 - At 3 /3-y 7 


1~ A’o 1 ~ AyAda 2 — AdA^cryA 

x I - 2?1 + ^ -- 2 n + kh i_ k2hl3j ) d Pi <*»• 


(2.16) 


The proof is given in the Appendix. 

Note: It is to be noted that ()2. 16|) can be put into a form resembling the standard 
Wigner function in (11.11) by introducing the following changes. Let us, for notational 
convenience, write s 1 and s 2 , for py and f> 2 , respectively in (I2.16P and define the “non- 
commutative positions and momenta” by means of the 4-dimensional coadjoint orbit 
coordinates (Atf, k 2 , k%, k\) £ 


nc A'^A^a 2 — A^Ay k 2 afj 
k 2 a 2 — AyAy/Ky 

„nc _ u* 

H2 ~ ^2 1 

„nc _ u* 

Pi ~ 

nc k 2 k\a 2 — k\ A) Ay ay 
P2 kfa 2 — A2A 3/ 9y 


(2.17) 
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Then (12.161) reads 


W (A p ^ t ; q nc , p nc ; fa , k 2 , fa ) 

|a| r 

2fak\a 2 — fafaP'y^ JS- 2 




fa ’ 2 


fa 


x Xk u k 2 ,k3 [ ~2 Sl + ~2 S2 + ~fa i dSld ' S2 ’ 


(2.18) 


which is indeed of the same form as ED, however now expressed in terms of the ”non- 
commutative coordinates” q nc ,p uc . In other words, this is the Wigner function for an 
NCQM in which neither the two operators of position nor those of momentum commute. 


Ill NC Wigner functions arising from the coadjoint orbits 

O p / T ’° and of G nc 

In this section, we attempt to throw some light on building Wigner functions on vari¬ 
ous other 4-dinrensional coadjoint orbits of G NC , viz. and Off’ 0,0 . The union of 

these coadjoint orbits constitute a set of Lebesgue measure zero (since they are in the 
complement of the set go fsee 12. Ill) 1 and consequently (p, a, r) (j? 91, for these orbits. 
We thus do not have a measure decomposition of the type (12.12[) . Consequently, the 
formula (12.131) to obtain the Wigner function using the Plancherel inverse formula does 
not exactly fit into this case. We thus make a slight adjustment to this definition of 
the Wigner function. In (j2. 14|) . we consider first the exponent involving the dual pairing 
between the underlying Lie algebra and its dual. In the present context, the dual group 
parameters p, a and r serve as the dual variables of the central parameters 6, (f> and V’ °f 
the group G NC , respectively. Since, one has r = 0 in the associated UIR, corresponding 
to the 4-dimensional coadjoint orbit the central parameter if: does not make its 

appearance in the explicit expression of the representation (see (2.22) of [7]). It therefore, 
points up the necessity of restricting the group manifold to a smaller region over which 
one integrates to obtain the Wigner function in question, because the integration with 
respect to the Haar measure of the full group will evidently diverge. An introduction of 
a factor of a delta measure 5(i/j) into the Haar measure takes care of this divergence and 
yields the desired Wigner function associated with the relevant family of 4-dinrensional 
coadjoint orbits of G NC . Following a similar argument, one needs to introduce an addi¬ 
tional factor of 5((f))5 (?/’) into the Haar measure of the group while computing the Wigner 
function corresponding to the other family Of’ 0,0 of the 4-dimensional coadjoint orbits of 

G NC- 

Let us now present our results on the NC Wigner function corresponding to the 4- 
dimensional coadjoint orbits 0^ a ’ 0 by means of a theorem. The proof is omitted here as 
this is similar to the one used to establish theorem 
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Theorem 3. The Plancherel measure of G NC , restricted to the sector containing equiva¬ 
lence classes of representations of the form 0 (see w with p / 0 and a 0, is given 
by 

d ^G NC {Pi (7 i T ) = \p\ 2 d(r)dpdadT, (3.1) 

and the corresponding Duflo-Moore operator reads 


C p , a = (2tt) 2 I, (3.2) 

where I is the identity operator defined on L 2 (M 2 , ds\ds 2 ). Also, given any Hilbert-Schmidt 
operator 

|Xfci,fc 2 ,o)(^fci,fc 2 ,o| ^ B 2 {k\, k 2 ,0) = B 2 (L 2 (R 2 , dsids 2 )), 

the Wigner function W restricted to the f-dimensional coadjoint orbits 0 4 ’ ’ equipped 
with the Lebesgue measure dk\ dk% dk 3 dk\, reads 


W( |xfei,fc 2 ,o)(A fcl ,fc 2l o|; kl kl hi, k* 4 ; h,k 2 ,0) 


1 


/ 

Jr 2 


iot k? - 5 - 

1 1 k-^cx. 


(27r)2 1^1 J R 2 
X Xfci,fc 2 ,o 


Pl+iofcJp 2 - /1~ kn 1_ k 4 

Xkl ’ k2 ’° \2 Pl + h'2 P2+ h 


1 ~ k* 3 k* 4 _ 

—2 Pl + Y 1 ^2 P2 + Y l ]dpidp2 - 


(3.3) 


This then is the Wigner function for a model of NCQM in which the two momentum 
operators commute, but the position operators do not. 

Now returning to the other family of 4-dimensional coadjoint orbits of G NC that 
yield the standard nonrelativistic quantum mechanical representation for 2-degrees of 
freedom, we sum up the results containing the respective Plancherel measure and the 
Wigner function in the following theorem, the proof of which, will again be omitted. 


Theorem 4. The Plancherel measure of G NC , restricted to the sector containing equiva¬ 
lence classes of unitary irreducible representations of the form U{( 0 (see w with p 0 , 
is given by 

dt/ G NC (Pi a i T ) = \p\ 2 d{a)5{r)dpdadT , (3.4) 

while the corresponding Duflo-Moore operator reads 


C p = (2vr)ll 


(3.5) 


Here, I is the identity operator defined on L 2 (M 2 , ds\ds 2 ). Also, given the Hilbert-Schmidt 
operator 


lx*;i,o,o)(^fci,o,o| £ £> 2 (^ 1 ,0,0) — B 2 (L 2 (R 2 , dsids 2 )), 


11 





the Wigner function W restricted to the f-dimensional coadjoint orbit for a fixed 

nonzero value of k\ and equipped with the Lebesgue measure dk( dk% dk 3 dk\, reads 


w (|xfc 1 ,o,o)(Aj fel ,o,o|; fc*, K, K-, h,0, 0) 


(2vr 


) 2 l^i| Jr 2 


e i a (k t p 1+ k*p 2 )X kifi0 ( \pi + \P2 + ^ 


1 _ k* 1 _ jfct' 

x Xfci,o,o ( — 2^1 + _ 2 P2 + ) dP 1 d P 2 ’ 


(3.6) 


which is exactly the standard Wigner function (EH of quantum mechanics. 


IV Marginals obtained from the NC Wigner function asso¬ 
ciated with the coadjoint orbits 0^ a,T of G NC 


In this section, we compute the marginal distributions associated to the Wigner functions 
(12.181) arising from the 4-dimensional coadjoint orbits 0^’ a,T obtained in Section (III.21) . 
We first fix the NC Wigner function with which we shall work using (I2.18p . expressed in 
the noncommutative position and momentum coordinates. 


Definition IV.1. The NC Wigner function arising from the group G NC , associated with 
its representation o in the Landau gauge, is determined by the triple {k\,k 2 ,k 3 ) sat¬ 
isfying k\a 2 — £ 2 ^ 3/37 7 ^ 0 (see m S ection III.l for detail) and is defined as 


W nc (q nc ,p 


II3q.2 

Ml— w(-k 1( f c , k lP nc -h,k 2 , k 3 ) 

ZTT 

__ f ^—ik\aq^ c s\—ik\aq2 C S 2 

(27r) 2 |A; 2 a 2 — k2k 3 (5^\ 2 JR 2 


x A 


ki,k2,k3 



nc 
Pi i 




(4.1) 


•'*' Xk±,k2,k3 


-ioi+pr.-i«2+pr 


ds±ds2, 


where q nc and p nc are as given by \2.V~A) . 


Remark IV. 1. We remark here that as k 2 ,k 3 —>• 0, (B reproduces the canonical Wigner 
function for the 2-dimensional Weyl-Heisenberg group associated with standard quantum. 
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mechanics (see (LM): 


lim W nc (q nc , p nc ; k±, fc 2 , k$) 
^2—^0 
^3—^0 

= w QM (kl,k* 2 ,k* 3 ,kl-h) 


1 


f 

Jm 2 


e * k * Sl h k 2 S2 \ h ( + fcS, + K 


4v T 2 h 2 J R 2 

X\ 7 i ( “Si + &3, “S2 + ^4 ) ds\dS2, 


(4.2) 


where we chose h = ari j denoted the L 2 -functions Afc 1 ; o,o an d Xfci,0,0 simply by A n and 
Xh, respectively. 


If we integrate out q lic or p nc from the quasi-probability distribution W nc (q nc ,p nc 
; Aq, fc 2 , £ 3 ), we obtain the classical probability density function (upto a non-vanishing 
constant factor) called the marginal distribution for the noncommutative momentum 
or the position, respectively. Also, for notational convenience, since the L 2 -functions, 
say, Xfci k .2 fc. 3 ) we have been considering, are all supported on the respective coadjoint 
orbits determined by (k\. /c 2 , k$), we will be dropping the subscripts without loss of any 
generality. 

The noncommutative marginal probability distribution in momentum coordinates p nc 
due to a rank one operator is given by 


I W nc (q nc , p nc ; ki,k2, fc 3 )dq n 

J R 2 


|fcia| 


„nc\|2 


(4.3) 


\k\oi 2 - k 2 k^\ 2 

Expressing if € L 2 (R 2 , ds) by its inverse Fourier transform if £ L 2 (R 2 , dr) in (14.11) 
the NC Wigner function for the rank one operator |-0)(-0| reads 


W nc (q nc , p nc ; k \, £.' 2 , h,i) 
\k\a\ 3 


1 


1 


ikiap nc .r^ _ r + q nc U- r + dr. (4.4) 


(27t) 2 |A: 2 q; 2 - k 2 kz^ 

Hence the noncommutative marginal probability distribution in the position coordinates 
q nc for the rank one operator |- 0 )(- 0 | can easily be read off as 

\k\a\ 


W nc (q nc , P nc ; ki, k 2 , k 3 )dp nc = 


#(q nc )l 2 - 


(4.5) 


\k\a 2 - ^2^3^71 2 

Let us express the dimensionful noncommutativity parameters h, id and B using the 
triple (fci, & 2 , £ 3 ) that fixes the coadjoint orbit under study: 


h 

id 

B 


k\a ’ 

k\a 2 ’ 

hi 

kfa 2 


(4.6) 


13 











We have already introduced the canonical coordinates of the 4-dimensional coadjoint 
orbits by (k*, k%, k%, fc|). Using these coordinates, the nonconrmutativity parameters 
introduced in (14.6p and the equations (14.41) and (I2.17p . the NC Wigner function (see 
definition (1IV.1I) ) for the rank one operator |V ; }(' ! / ; | reads 


W nc (k* : k* 2 ,k* i: k* 4 -,h,'d,B) 


1 f iu* r , | k^I+ Bfc i) 

' 3 r i+ r 2 


Air 2 \h\\/\h 2 — B'd | Jr2 

xV, (y i+ ’2 rz+ ^ 

. / 1 ft 2 *:? + Mkl 1 , * . , , 

^ [ ~ 2 r ‘ + V-B4 ' “L 2 +12 * 2> 


(4.7) 


where ip £ L 2 (M 2 , dr). 

Now let us recall that the marginal distributions associated with the NC Wigner func¬ 
tions were computed by integrating out the noncommutative momenta or the positions 
in (I4.3l4.5p . These marginals were found to be probability distributions (upto a positive 
scaling factor) and hence, strictly positive, in the respective noncommutative positions or 
momenta (see 12.171) . In the current literature (see [5] and [12], for example), the noncom¬ 
mutative marginal distributions are defined to be obtained by integrating the NC Wigner 
functions with respect to the canonical coordinates, i.e. the coadjoint orbit coordinates 
k*, & 2 , A)g and k\. The marginals, thus obtained are not strictly positive and can be 
expressed by means of certain ^-products (see [5], for example). Let us quickly verify if 
the NC Wigner function (14.7p arising from the group G NC produces similar marginals as 
in m .[12]) when integrated with respect to the canonical coordinates of the underlying 
4-dimensional coadjoint orbit. 

Given two Wigner functions W(|x)(A|; k\, k%, k%, k%) and W(\(p)(ip\; k \, k%, k%, k\) as¬ 
sociated with the rank one operators |x)(A| and |</>)(^|, respectively, their multiplication 
does not necessarily yield a square integrable function on the underlying coadjoint orbit. 
It is, therefore, necessary to deform the usual multiplication of the Wigner functions 
associated to a fixed coadjoint orbit to obtain a square integrable function on it. In the 
following we define the various ^-products for the Wigner functions obtained in (14.71) . 


Definition IV.2. Let us first recall that a coadjoint orbit, for the group G NC is determined 
by a triple (h,d,B ). When none of h, d and B is zero with h 2 — B'd 0, the underlying 
orbit is 4-dimensional; its coordinates being given by (/c*, k%, k$, Here, and k% 

stand for the position coordinates, while k% and k\ for the respective momenta. 

If we choose the momentum coordinates k 3 = p\ and k\ = P2 to be fixed apriori, then 
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the kernel representation of the k$ -product is defined as 


>V nc (|x)(A|; kl, k 2 ,pi,p 2 ) *d W nc (|V(#, kl,k 2 ,p!,p 2 ) 


^\h 2 -Bd\ 

ir\M\ 


f 

J R 2 


exp-[K-m k* 2 -m] [V J] 


m~K 

k 2 -m 


x W nc (| x) (A |; m, V 2 , Pi, P 2 ) W nc (| <j>) {fi |; m , 2k* 2 - r] 2 , Pi , p 2 ) dpi dp 2 . 


(4.8) 


If one chooses the position coordinates k\ = q\ and k 2 = q 2 to he fixed instead, then 
the kernel representation of the -kg-product is defined as 


w» c (\ x )(\\-,qi,q2,kiki)k B w» c mnqi,q 2 ,k* 3 ,K) 


VI h 2 - m | 

ir\hB\ 


e x P^ [ fc 3-«i fe 2-6] [V o] 


i2-k% 


xW nc (\ X )(M;qi,q 2 ,til,ti2)W nc m(^qi,q 2 ,m-f 1 ,t 2 )df 1 d& 


(4.9) 


Between two Wigner functions corresponding to the coadjoint orbit with coordinates 
given by (kl,k 2 ,kl,kl), one can define the kernel representation of the k^-product in the 
following way 


W nc (| X )(A|;K,^^3VD^W nc (|0)(V;^,^^3^I 
Vl^ 2 - B#\ 


ir\h\ 


j ( 

Jr 2 J r ; 


exp — [K~m k 2 -v 2 1 fcj-ft] 


0 0 101 


m-k* 

0 0 0 1 


k 2 -m 

-10 0 0 


k* 3 -il 

. 0 -10 0. 


Ji-K. 


xW nc (|x)(A|;?7i,r72,6 ) 6)W nc (|0)(^|;7?i,2A;2 - m, 2 K - £i,&)drndri 2 d£id&. 

(4.10) 


Combining \f.lO ), (f.8) and D4-9\ ), one can define a more general k-product denoted 
with k h ^ B , the kernel representation of which is given by 


W nc (|x)(A|; kl,k*, k* 3 , kl) k h ^ B W nc (\fi)(fi\;kl,k* 2 ,k* 3 ,kl) 

I i 


VI h 2 - Bd I 

n\h\ 


exp 


h 2 -Bti 


[K-Vl k 2 -V 2 fc|-£l 


0 B -h 0 


m~K~ 

-B0 0 -h 


k 2 -v 2 

h 0 0 d 


k*3-C 

0 h -d 0 


_&-k% _ 


xW nc (|x)(A|;r/i,?72,6,6)W nc (|0)(V ; l;??i,2A:2 - ?? 2 , 2^3 - £i,&)drndr] 2 d£id£ 2 . 


(4.11) 


Inspired by the definitions provided in (IIV.21 one can compute the noncommutative 
marginal distributions in terms of k$ and k B products: 
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Proposition 5. The NC Wigner function a rank one operator |V’)(V , I can be 

integrated with respect to the momentum coordinates and k\ to yield the following 
noncommutative marginal distribution in position coordinates: 

f W nc (\if){if\; K,kl k* 3 , kl)dk* 3 dkl = if{k\,k* 2 ) *„ if(k{, k* 2 ), (4.12) 

it 2 

where if G L 2 (R 2 , dr). 

Also, the noncommutative marginal distribution in momentum coordinates is given by 

f W nc (|^)(V>|; k\, k* 2 , k*, k* A )dk\dk* = if(k*,k * 4 ) if(k* 3 , kl), (4.13) 

Jr 2 

where if G L 2 (R 2 , ds ). 

Proof . Keeping the position coordinates kk 2 fixed in (14.711 . one can integrate out 
the momenta coordinates to yield 




*if(rn,iq 2 )V’( 7 ?i> 2 ^2 “ m)dmdri2 


if{kl,k%) if{kl,k* 2 ), 


(4.14) 


where in the last line we have exploited the definition of the kernel representation of 
the ^-product given by (14.81) . Also, proceeding to third line from the second above is 
justified by means of the following change of variables: 






























Now considering the momentum space representation of the NC Wigner function, one 
obtains for \ip)('ip\: 


W nc (kl,k* 2 ,k* 3 , kt\H, B)dk{dk* 2 


f f 

Jr 2 J r 2 


. ( hk ? \ j . * 


Ait 2 \h\yJ\h 2 — Bid | Jr 2 j®2 

77l ^71 , h 2 k\ + HBkf 

x<p(^ + h,-s 2+ w - m 

*i> (-^si +* 3 >~^ s 2 + ^ ^ )() ) dsids'jdktdk? 


1 


27r7|^ 2 - £#| 


/ 

JR : 


6 *P[ 2 si + k 3 , h2 _ m 


, . 1 , * + KBk\ 

x^(-^i + fe3, 


dsidA;i 


— - i fe pi ^ [ e s (?2 fc4 ^ fc3 7(6)6)V’( 2 ^3 _ iii^)diid^2 
Tr\nB\ Jk 2 

7I^ 2 - M 

vr|A8| 


f i 

r -| 

0 1 


kZ 

— £1 

/ exp « 

/ R2 0 

co * 

1 

?s- 

* 

1 

to 

-1 0 


O 

£2 

-k% 


x ^(g 1 ,w (2fcg-ei,6Kirfe 2 

= i>(k 3 ,kl) * B ${kl,kl). 


(4.16) 


In the last line above, we have used the definition (14.91) of the kernel representation of the 
★^-product. Also, going to the third line from the second was justified by the following 
change of variables: 


1 


-si + k 3 = £i, 


h 2 k\ + hBk{ 
h 2 — Bd 


= 6 - 


(4.17) 


□ 


V Conclusion and future perspectives 

We re-emphasize here that our approach to the construction of the different Wigner 
functions is based on the representations of the group G NC , which we consider to be the 
kinematical symmetry group of noncommutative quantum mechanics. This is in contrast 
to the approach adopted in [5], for example. Since by using our method, we have been 
able to obtain Wigner functions for theories with different levels of non-commutativity, 
using representations of the same group, it tends to demonstrate the versatility of the 
approach. Indeed, the representations of G NC which we have used to construct our Wigner 
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functions, include models of NCQM in which, apart from the canonical commutation 
relations between position and momentum, (1) neither the two operators of position, 
nor those of momentum commute, (2) the two momenta commute but the positions do 
not and (3) both the two momenta and the two position operators commute (standard 
quantum mechanics). It is indeed remarkable that all these representations come from 
the same group. 

In (0), a 2-parameter family of equivalent unitary irreducible representations (for 
fixed p, <7 and r) of the group G NC has been constructed. For certain values of the two 
parameters involved there, one precisely obtains the representations corresponding to the 
Landau and the symmetric gauges of NCQM. In this paper, we have exploited the Landau 
gauge representation of G NC (see m to construct its various Wigner functions and 
defined the kernel representations of the associated ^-products between them. It would 
be interesting to see how the Wigner functions and the associated ^-products, defined 
on the respective coadjoint orbits, turn out to be for other members of the 2-parameter 
family of gauge equivalent representations, e.g., the symmetric gauge representation of 
GQc (see p.19, [7]). 


VI Appendix 


In this Appendix we collect together the proofs of some of the results quoted in the paper. 

Proof of Proposition [Tj 

We start out by observing that subject to A l {p, cr, r) = A 2 (p, a , r) = |Xp,<T,T)(Ap,er,r | in 
4Z3J) and the fact that the underlying Duflo-Moore operator Cp i(TjT = N I with N being a 
real number and I being the identity operator acting on the Hilbert space L 2 (M 2 , ds\ds 2 ), 
the left side of (12.51) now reads 


1 

N 2 


x 


/ 

Jr 


xl* xl* 


{Xp,<T,T\Ua,T (d, </>, i/j, q, p)A p,a, T )n(p, a, t) dpdadr 


{Xp',a',T'\U £ t ,(6, q, p)A pW'M//, <j', r')dp da'dr 

* xl* xl* 

xd6 dej) d dq dp 


-4 r [ [If f 

N J (p,<j,t) J{p',o' ,t') Jr 7 1 J(si,S2)€K 2 


xe 

xe 


,iaq 1 (ps 1 -p's' 1 )+iaq 2 ( ps 2 -p's' 2 )+i/3p! (os 2 -o's’ 2 )-if {p-p')qipi - ^ ( P~p')qiVl 


^i(p—p')6+i(a—<j' )(t>+i{T—T')il) 
J \_ia/ 


)eR 2 


■ (T-T') qiq2 -iA (ct- o-')p 1 p 2 \ paT - ^q 2 -p l ,8 2 -p 2 ')xp,*Asi,S2) 


xXp'^','r'( s i) s 2 )V,CT',r' ~ y[ q2 ~P ^ S 2 ~ P2J ds 1 ds 2 ds' 1 ds' 2 

xd9d(j)di/jdqidq2dpidp2] n(p, a, t)k(p' , a', T')dpdadrdp r da'dr' 
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M 

iV 2 


l(p,C7,T) 



(si,S2)€R 2 •'(«!,S 2 )£R 2 


5(p — p')S(a — cj')5{t — t') 


xe 


iagi(psi-p's' 1 )+iag2(ps2-p's' 2 )+i/3pi(crs2-cr's , 2 )-^(p-p')gipi- : ^ ! -(p-p')g2P2 


Xe -%(T-T') qi g2-%(*-*')piP2X p ^ T ( Sl - ^2 -PI, 82 ~P2 S jXp,crA^^) 

XXp',a’,T'(s'i,s , 2 )\ / syy (^s\ - y^Q2 -Pi,s' 2 -P2^j dsids 2 ds' l ds'^ 
xdq\dq 2 dpidp 2 ] n(p, a , t)k(p , a' , r')dpdadTdp da'dr' 


M 

iV 2 


I, 


(pA,r) 



r 

J (s', ,sL] 


Japgi (si -s' 1 )+iapij 2 («2 -s^+icr/3pi (s 2 —s 2 ) 


(si,S2)SM 2 ^(Sj,S2)S® 2 


T7 


xA p^r ( Si- q 2 -Pl,s 2 -p 2 jXp, 0 -,r(si,S 2 )Xp, < T,r(s / 1 ,S^) 

xAp.o-.r ( s', - — q 2 — Pi, So - p 2 ) dsids-idsids'o \ dqidq 2 dp±dp 2 

\ pa - J J 

x [ac(/9, <t, r)] 2 d/3<i(T(iT 


M 

N 2 


[ J_ 

•/(p,cr,r) |P| 



/ J( Sl _ s , l ) e *aP92(s2-s , 2 )+*o-/3pi(s2-S2) 

J(s'i .stleR 2 


(si,S2)sR 2 J(s'j,s' 2 )6K 2 


xA P i(TjT ( Sl (?2 Plj S 2 P2 J Xp,tT,T (si, S2)x P) (j,r (S]_, S2) 
V P^ / 

x Ap „ ( s', - — q 2 - Pi,s'n - p -2 ) fis 1 ds 2 ds\ ds' 2 > dq 2 dp\dp 2 

\ Pa J J 

x [n(p, a , r)] 2 d/5(icr(iT 


(2tt) 


l(p,a,r)\p\ 



(si,S2)sR 2 J SjGR 


•^Sr, ! 


0 iapg 2 (,S2-s' 2 )+icTPpi(s2-s l 2 ) 


X A p u r I Sl - — <72 -Pl,S 2 -P2 )Xp,fT,r(si,S 2 )Xp, < T,r(si,S / 2 ) 

v pa J 

x^ P ,a,r ^si - T -^q 2 -Pi, 82 ~ p 2 ^j dsids 2 ds 2 j dq 2 dp\dp 2 
x [k(p, a, r)] 2 dpdadT. 

Introducing the following change of variable 


T 7 TT 

Pi H- Q2 = III, 

pa 


( 6 . 1 ) 

( 6 . 2 ) 


(16.11) now reduces to 
(2vr) 4 


N 2 


[ J_ 

J(p,a,T) \p\ 


j 

Js'i 


= io-pn 1 (s 2 -s 2 ) 


(q2,ni,p 2 )GR 3 [ j (si,S2)eR 2 Js 2 GR 

( P “ P “ ^ 92(S2 S2 ^p,a,T (si - IIi,S2 — P2 )Xp >0 -,t(si,S 2 )Xp,ct,t(si,S , 2 ) 

xA P i(T)T (si — III, s 2 — p 2 ) dsids 2 ds 2 j dg 2 dni(ip 2 [«(p, a, r )] 2 dpdadr 


xe 
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(2tt) 


L 


a 


N 2 J (p,o,t) I P 2 ot 2 - o-/?7T| 


'(ni,p 2 )R 2 I ^(si,s2)€K 2 J s' 2 gr 


5(s 2 - 4)e*^ ni ( S2 - s a) 


xAp jC r iT (si -TIi,S 2 -P2)Xp,(T,r(si,S2)Xp,(T,r(si,S / 2 ) 

xX p ^T (si — IIi, s 2 — P2) dsids2ds 2 j (illicit [k(p, <t, T)] 2 dpdadi 

(27r) 5 f a 2 

N 2 J(p, a ,r) |p 2 a 2 - ^ 7^1 


Ap,cr,T (^1 ni,S 2 P 2 ) 


'(ni, P2 )K 2 |/( s1 , S2 ) G ]r 2 
^Xfta,r(®l> '®2)Xp,cr,r(®1> S2)Ap )( j,T (si III, S2 /-7) dsi(iS2j' 
X [ac(/ 0, a, r)] 2 dpdcrdT 

(2?r) 5 f a 2 [«(p,a,r)] 2 - ||2 |,» ,, 2 . . . 

" || ^/ 0 ,cr,r II ||Xp,cr,r || dpdcClT. 


(6.3) 


3V 2 ■/(p,it,t)gR*xR*xR* |P 2 « 2 - 0737T| 

Now comparing (j6.3jl with the right side of (12.6(1 . one immediately obtains the following 

|p 2 a 2 — 7/3 <tt| 


K = 


or 


JV = (2tt)2. 


□ 


Proof of Theorem [2] 

We choose an arbitrary element g of the group G NC as (—0, —(j), —i/j, —q, —p) so that 
the inverse group element g~ 1 is given by (0, (j), i/j, q, p). Now, using the definition given 
in (12.141) . the Wigner function of G NC restricted to the 4-dimensional coadjoint orbits 
O k A lMM reads 


(IXfci,&2,^3) (^/ci,/c2,fc3 1 1 ^15 ^2 ’ ^3 5 ^4 5 ^15 ^2? ^3) 


a 


12 X 7 


3 —io(-fcjPl-fc2P2-fcJlJl-fc|(J2)p-i(-fcl6 , -fc2 0-fc3p) 


(27r) 6 |A: 2 a 2 — ^2^37/31 2 Jr? 

f / e -Kj(0+a<jisi+a<j2.S2-f <?iPi-§ <?2P2)g-ii / (0+/3piS2-fpiP2) e -ip('i/'- : 5<?li32) 


4(si,s 2 )eR 2 


xAa;,i/,p(si, S 2 )Xuj,v, t i ( Si — Pi — —02, S2 ~ P2 
' wa 


2Wi/ e 

2 „,2 




cr 


x ddd(/)d'ipdqidq 2 dpidp 2 
(2vr) 3 |cr| 

(27r) 6 |A:fa 2 - p2%7/3| 


- [ e MktPl+ kr 2P2+k* 3 qi+ k iq2 )s(u-k 1 ) 6 (u-k 2 )S(n-k 3 ) 

2 Jr 4 


g -ia;(«qiSl+CKJ2S2-f 9lPl-f <?2P2) e -w(/3piS2-fpiP2) e i ^ 1 l?ll?2 


4(si,S2 


xAo; I/ M (si, S2)Xu,v,n ( Si - Pl -02, S2 — P2 


— 7/3^| 


cr 


ds\ds 2 dujdudii 
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/ 

JlSL 4 


0 ia{k{ pi +k 2 p 2 +k 3 <ji +k% q 2 ) 


x dqidq 2 dpidp 2 
_ \kja 2 - k 2 k 3 'yfd\^ 

(27r) 3 |a| 

xe- i ^^-^e^^X klMik3 (s 1 ,s 2 ) 

Si - PI - — g 2 , S 2 - P 2 ) ds\ds 2 
k\a ) 


0 -ik 1 a(q 1 s 1 +q2S 2 -\qiPi-^q2P2) 


x Xfcl,fc 2 ,fc 3 

_ | k\a 2 - fc 2 fc 3 7/3|£ 

(27r) 3 |a| 


dqidq 2 dpidp 2 


/ 

it' 1 


0 ia(fc*pi+fcjp 2 91 +&J 92) 


s —jfciogisi 


-ifciaf 92 + y^Pl )s 2 +(92 + ^Pl )p 2 + ^ (pi + ^92 Wl 


xe 


*2<8„ 


fc37 


^’37 


x Xfei,fe 2 ,fc 3 (^si -pi - —g 2 ,s 2 ~p 2 J cfeids 2 
Introduce the following change of variables 

91 = 9i 

k 2 (3 

92 = 92 + 7 —Pi 

fcl Q 

, &37 

Pi = Pi + 7—<72 

kick 

P 2 = P 2 , 

so that the associated change in measure is given by 

k 2 a 2 


kia ' ^fc 1 ,fc 2 ,fc 3 (si) S2) 

dq\dq 2 dpidp 2 . 


dq\ dq 2 dpi dp 2 = 


\kja 2 - ^2^3/371 
Also, denote A, for the sake of convenience, as 


dqi dq 2 dpi dp 2 . 


\a\ 


A = 

1^’lCK 2 - ^2^37/31 2 

Now,using (16.51) and (16.61) in (16.41) . one immediately finds that 

^(IxwXWI; k l k l k l K-, kiM, h) 

k\ A 


(2vr) 3 J R 4 


^ak*q 1+ iak* P 2 + Kyl -^ 




/CJ Oi 

X g fc^a 2 -fc 2 fc 3 /37 


92 - £ 77 ^ 1 ) + ( 91 P 1 + 92 P 2 ) 


7 

7r 2 


(6.4) 


(6.5) 


( 6 . 6 ) 


(6.7) 


e -tfc 1 « ( 5i» 1 +®- a) ^ i)fca>Jfe 3 (ai , S2) 


x Xki,k 2 ,k 3 (si - PI, S 2 - p 2 ) dsids 2 ] dqi dq 2 dpi dp 2 


k\ A 

(27t) 3 


k^k 2 a 2 — k^k^k2a/3 
k'(a 2 ~k 2 k 3 p-y 


_ _ . 1 fci fct o 4 — fcl k-iot'y 

p 1 +Kafc 2 p 2 -»afc 1 ( S2 -aP2- fc 2 4 a 2_ fc2 ^ 3 g 7 


92 


xe 


—iaki ( Sl-4pi-f7 ) 91 


ly/ Afc lj fe 2 ,fc 3 (s 1 , S 2 )xfe 1; fe 2) fe 3 (si Pi, s 2 p 2 ) 
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xdpi dp2 dq\ dq-2] ds\ds2 

k\ A 
“ ~2ir 


pf \[ 

2vr 2 J m 


i r / i_ jfc; 

e v ; — <y Si - -pi - A 

|«i| \ 2 «i 


x mK' 2_ ^ 


k\k\o? - A^focrA ^ ~ “ 

7"o “ i ^ “ I .ko.k-i v^l 5 ^ 2 / 


fc 2 a 2 - /C2&3/37 J ' xklMM 

x Xk 1 ,k 2 ,k 3 { s i -Pi,S2- P2)dpi dp2] ds 1 ds 2 


2vr 


/ 

Jr- 


. 1 _ fcn 1_ kik^a 2 — Ad^arA 

X A “’«» I 2 Pl + 7' 2 P2 + frjtf - fc 2 fc 3 /j-y J 


1 


kS 


1. 


2 1 x ' fci ’ 2^ ' /c^a 2 — A^A^/Fy J 


x XkxMM [~2 Pl + h[’~ 2 P2 + 
Substituting A from (16.71) yields the desired result. 


k\k\a 2 — k\k-,t,<yr/\ 


dpi dp 2 . 
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